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Abstract 

It is shown the central field Dirac equation can be simplified through 
the use of real conjugate spinors to substitute for the upper and lower 
components of the bi-spinor eigensolutions. This substitution reduces the 
Dirac equation for the hydrogen atom to the problem of solving a single 
second order differential equation similar to a Klein-Gordon equation but 
containing additional terms to take account of the spin on the electron. 
The bi-spinor wave functions are readily constructed once the solution is 
known in terms of the conjugate spinors. 

1 Introduction 

The central held Dirac equation is usually presented as a pair of coupled hrst 
order differential equations for the top ty a and bottom 'J';, two-component spinor 
parts of the bi-spinor eigenfunctions [TJ[2]- The purpose of this paper is to obtain 
an equivalent formulation of the problem based on a decomposition of \I/ a and 

into real conjugate spinors $ and For the case of the hydrogen atom this 
results in a single second order differential equation for $ that gives the same 
energy spectrum as the first order form of the Dirac equation. 

The first order central field Dirac equation is presented in section 2. The two- 
component spinors $ and $ are then defined as conjugate linear combinations 
of the bi-spinor components ^ a and 'Jv It is shown this transformation has a 
simple inverse so that bi-spinor wave functions are easy to construct once $ and 
$ have been determined. It is significant that $ and <j> are pure real functions. 
Conjugate spinors have definitions similar to complex functions in terms of ^ Q 
and but turn out to be real owing to the fact that ^f a and ^j, are not both 
pure real. 

The second order form of the Dirac equation for the hydrogen atom is derived 
in section 3. It is interesting that this equation takes the form of a Klein- 
Gordon equation but with additional terms to account for intrinsic spin in the 
Hamiltonian for the electron. An expression for <£> in terms of <E> is also derived. 
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In section 4, the exact solution of the second order Dirac equation for the 
hydrogen atom is obtained using analytical methods. The energy spectrum 
for hydrogen is calculated as well as both the conjugate spinor wave functions. 
The Dirac bi-spinor wave functions are determined as transformations of the 
conjugate spinors wave functions. 



2 Conjugate Spinors 

Consider a single spinning particle of mass mo at a radial distance r from the 
source of a central potential field V(r). The Dirac equation determining the 
bi-spinor wave function for this system is 

hciil1 q^: - th -^- + v ( r )^ + ^m c 2 ^ = (1) 

where 7,(1 = 1,2, 3) and 74 are 4x4 Dirac matrices, h is the Planck constant 
divided by 2tt and c is the velocity of light. This can also be written in the form 

. V * b \ f E~V~m Q c 2 \(**\ (0 s 

aX - p {* a ) = { E-V + m c 2 )[*„ ) ( ) 

where a are the Pauli spin matrices, p is the 3-momentum of the particle and 
E is the total energy. It is also helpful to have the relationship 

'•'-; £ r(-4 + »- r ) < 3 > 

where L is the orbital angular momentum. 

The task ahead is to substitute for the upper ^ a and lower ^j, spinors in eq. 
^ using the following conjugate spinors: 



, , m c 2 + E a ■ r . 



, T m c 2 + E a ■ f , 

* = 2^6* + E {** + i ^^E—* b I (5) 

These expressions are readily inverted to give 



*a = Vm Q c 2 + E($ + $) (6) 



* 6 = iy/m c 2 - E— ($ - $) (7) 
r 



The goal is to obtain differential equations for $ and $. Clearly, once $ and <t 
have been determined the bi-spinor components ty a and "Jf, follow from eqs. ([6]) 
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and ([7]). One note of caution here is that ^ a and ^b cannot both be assumed 
to be pure real functions. 

A spin-1/2 particle in a spherically symmetric potential V{r), has spherical 
harmonic eigenfunctions Yi m (6, (f>) to represent orbital angular momentum and 
the two-component spinors \i/2 = (lj 0)* ancl X-1/2 = (0) 1)* f° r the spin states. 
Here, the Yi m eigenfunctions and the x±i/2 spinors can be combined to form 
the spherical spinors y Km using Clebsh-Gordon coefficients. Spherical spinors 
are simultaneously eigenfunctions of the following set of operators: 

l 2 y Km = i(i + i)h 2 y Km , L z y Km = m%y Km , j 2 y Km = j(j + i)h 2 y Km (8) 

for orbital angular momentum, z-component of angular momentum and total 
angular momentum respectively. It is further useful to define the operator 

K = -%-&■ L (9) 

such that Ky Km = nhy Km and 

K 2 = L 2 + M ■ L + h 2 (10) 

One significant advantage being that the integer k can be used in place of both 
the I and j quantum numbers. 

The upper and lower components in Dirac bi-spinors can be expressed in the 
product form 

y a = fa{r)y Km , y b = Mr)y- Km (11) 

where f a and fb are both functions of r. Putting these results into eqs. (j4)) and 
([5]) and making use of the parity operator equation 

a ■ r 

y^n = y~ Km (i^) 

r 

it can be seen that 4> and $ must have the product forms 

® = g(r)y Km , $=g(r)y Km (13) 

where g and g are conjugate functions of r. Clearly, the conjugate spinors share 
a common spherical spinor whereas the upper and lower components of a Dirac 
bi-spinor do not. 

Inserting eqs. (© and ([7]) in to eq. @ gives 

(d h-k\. ~. -1/ m c 2 V EV\ ~, 

(d Ti + k\. ~. -1 / m c 2 V EV\ 

( dr H fvr~ )^ ^ ~hc\ ~ + ~ ) ($ " $) (15) 
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having made use of eq. ([§]) and set A = ^/rn^c A — E 2 . Further manipulation of 
eqs. (HU) and (JTSj) leads to 

dr c cA r ) ^ r ^ * ^ ^ ^ 

d A EV . %\ - ( K m cV\ 




dr c cA r / ^ r A J ^ ^ 

Eqs. (IT51) and (|17l) constitute the hrst order central held Dirac equation in terms 
of complex conjugate spinors. These results will be applied to the hydrogen atom 
in the next section to derive a second order differential equation for $, similar to 
a Klein-Gordon equation, alongside an auxiliary relationship giving $ in terms 
of $. 



3 The Second Order Dirac Equation 

The electrostatic potential for the hydrogen atom is 



where 



V( r ) = -ch- (18) 
r 



e 2 

a=-^- (19) 
4ire ch 



is the fine structure constant, -e is the charge on the electron and eo is the 
permittivity of free space. Combining eqs. (TT6l) an d (fl"7| for this potential leads 
to the second order differential equation 

K 2 m^c 4 ?i 2 a 2 \ f^d A %Ea %\ A d \r fiEa 

- Tir— + — + h\ $ 



A 2 r / \ dr c Ar r J \ dr c A 

(20) 

Expanding the bracket and simplifying this equation with the help of eqs. ([3]) 
and (TTTfl) gives 



c 2 ?i 2 V 2 $ + m 2 c 4 $ = (^ + c?i^) 2 $ + r$ (21) 



where 



and 



V 2 -l^fV^-— (22) 
V ~ r 2 dr V Or tfr 2 1 ' 



T = ±f^ E -2 +lc 2 fl (±3^A ( 2 3) 

It can be seen that eq. (f2~Tj) reduces to the Klein-Gordon equation of the hydro- 
gen atom on setting T = 0. It follows that T represents the correction needed 
to take account of the spin on the electron. 



4 



Eq. ([TBI) can be written as 



- ( A \ / d Xr TiEa \ , v 

$ = jt fir— + — +h)$ 24 

\m c 2 fra - XK J \ dr c X J 

giving $ in terms of $. The remainder of this paper will focus on demonstrating 
that eqs. ([2"Tj) and (|24|) are equivalent to the Dirac equation ([2]) for the hydrogen 
atom. In particular, it will be shown that eqs. (|21j) gives the same energy 
spectrum as the first order Dirac equation and that the bi-spinor wave functions 
for hydrogen fall out of eq. ((6]) and (|7|). 



4 Solution of the Second Order Equation 

The second order Dirac equation (|2"Tj) may be expressed as 

2t2 / d 2 3d K 2 l + « 2 \ 2Ea + X^ - n 
c h hr^ + -7T-ITT + — )® + ch $-A 2 $ = (25) 

Inserting the product solution 

$ = exp f - ^0 x, m (9, 4>) (26) 

into this gives 

d 2 R . ,dR / 7 2 aE\ n 

f3 W +(1 - p) ^-KJ-^) =0 (27) 



P— + ( b -p)—- aF = (28) 



where /? = 2Ar and 7 = \/k 2 — a 2 . The substitution i? = Fr 7 further reduces 
eq. (|27| to the form 

<9 2 F .flf 

where a = 7 — aE/Xch and 6 = 27+ 1. Eq. (|28|) is Kummer's equation [3]. The 
physically acceptable solutions of this equation is the confluent hypergeometric 
function: 

7-./ j \ , . a P , ( a hp 2 . . (a)nP n . Mc .s 
F(a,b, P ) = l + T + W ^ + --- + W ^ + .-. (29) 

where 

(a) n = a(a + l)(a + 2) . . . (a + n - 1), (a) = 1 (30) 
Thus, the complete solution of eq. (j2Tj) for the hydrogen atom is 



ch 

This is not normalized. 



$ = exp ( ~ ) rT- 1 F(o,6,p)x«m(fl^) (31) 
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The confluent hypergeometric function F{a 1 b,p) grows exponentially for 
large p unless a = —n r where n r = 0, — 1, — 2, . . .. This implies 



aE 



7 + n r 



or equivalently 



E = ttiqc 



1 



K + 7) 5 



-1/2 



(32) 



(33) 



For the purpose of correspondence to non-relativistic quantum mechanics, it is 
usual to define the principal quantum number n — n r + \k\. Eq. (|33[) can then 
be rewritten as 



E = ttlqc 



1 



-1/2 



(34) 



(n- M+7) 2 . 

It is clear therefore that the first order form of the Dirac equation (0 and the 
second order form (f2"Tj) generate the same energy spectrum for the hydrogen 
atom. 

Inserting eq. (|3"Tj) for $ into eq. (IM1) gives 



7A — aE 
arrive 2 — kA 



exp 



-^)r''- 1 F(a + l,b,p)x, 



(35) 



Thus, combining equations ©, (0, (JSJ) and ([331) . the complete bi-spinor eigen- 
solutions of the Dirac equation ©: 



* a = ^/m c 2 + EAf nK exp ( ) r 7 - 1 [?7i^(a,fo,p) + 772^(0 + 1,&,p)]Xk 



Ar 



* fa = iv/moc 2 - EM nK exp ( -— ) 1 [»?iF(a, 6, p)- 772^(0+!, b, p)]x- 



(36) 



(37) 



have been constructed for the hydrogen atom. In this, rji — arrive 2 — n\, 
f]i = 7A — aE nK and Af nK is the normalization constant. 



5 Concluding Remarks 

It has been demonstrated the central field Dirac equation can be simplified for, 
at least, the case of the hydrogen atom using conjugate spinors to substitute for 
the upper and lower components of the bi-spinor. This leads to a single Klein- 
Gordon equation for the problem with additional terms to account for the spin 
of the electron. This approach enables the conjugate spinor wave functions for 
the hydrogen atom to be calculated alongside the energy spectrum. It has also 
been shown the conjugate spinor wave functions are readily transformed back 
into traditional Dirac bi-spinor wave functions. 
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